HlDENOBU YOSHIDA Dolzhenko formulated the notion of "porosity" for a set, which has been shown to be highly useful in investigations of the theory of cluster sets.
In this paper, we make use of this technique in order to generalize Meier's results [Math. Ann., 147 (1961), 328-344] to the direction including tangential cases.
As an application, we prove a theorem with respect to the existence of Lusin points.
Meier proved remarkable theorems [9, Satz 1 and Satz 2] concerning the boundary behaviors of functions meromorphic in the upper half plane. His proof of Satz 1 depends on Plessner's theorem. But it is proved in [6, Theorem 5] , [17, Theorem 3] that a tangential analogue of Plessner's theorem does not hold. So, we must use somewhat different tools to obtain some extensions of Meier's theorem to the direction including tangential cases. On the other hand, his proof of Satz 2 depends on the category-theoretical analogue [9, Theorem 5] of Plessner's theorem, of which an exactly analogous theorem for tangential cases is proved in [3, Theorem 6] , [17, Theorem 2] .
In this note, we aim to get some generalizations of Meier's theorems, using the concept of the "porosity", introduced by Dolzhenko [5] .
Theorem 1 is the fundamental result. As applications of it, we prove in Theorem 2 a tangential analogue of Meier's theorem [9, Satz 1] by making use of the notion of a "pre-Meier point", introduced originally in Dragosh [6] , instead of a "Fatou point", and we also prove in Theorem 3 that Meier's theorem [9, Satz 2] has an exactly analogous extension for tangential cases.
As an application of Theorem 2, we prove a theorem with respect to the existence of Lusin points. Finally we put an open question. 1* Notations and definitions* In the following, we denote the unit disc {z; \z\ < 1} by D 9 the unit circle {z; \z\ = 1} by Γ and the extended w-plane by W.
Suppose a set PcΓ and a point ζ = e iθ eΓ are given. For a number ε > 0, we denote an arc {e iθ '; θ -s<θ f <θ + ε} by Γ(ε, ζ). Let τ(ζ, ε, P) be the largest of the lengths of arcs contained in Γ(ε, ζ) and not intersecting with P. The set P is porous at ζ, if fim -7(ζ, ε, P) > 0 .
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A set P is porous on Γ if it is so at each ζ e P. A set which is a countable sum of porous sets on Γ is said to be σ-porous on Γ. A σ-porous set on Γ is of the first Baire category on Γ. A σ-porous set on Γ has no points of density with respect to outer measure (i.e., no points of outer density), hence is of measure 0 (see [12, p. 129, Theorem (10. 2)]). But there exists a set, which is of measure 0 and not σ-porous on Γ (see [4, p. 75] ).
For 0 ^ q, 0 < α, 0 < <5 < 1 and ζ = e iθ e Γ, we denote a g-curve
terminating at ζ by t + (a, g)(ζ), called a rigfeί q-curve (or ί~(α, called a Ze/ί q-curve). We also denote a part of the g-curve t + {a 9 q)(ζ) (or tr(a, q) 
. When convenient, we use notations t(α, q)(ζ) or t(α, δ, g)(ζ) without specifying whether it be right or left.
For O^g, 0<α</S, 0<^<l and ζ 6 Γ, we define a ri^/^ί gangle F + (a, β, 3, q)(ζ) as the open region lying between the g-curves ί + («,?) (O and t + (β,q)(ζ) , lying outside the circle {z;\z\ = 3} of its radius <5, sufficiently near 1. The left q-angle at ζ with parameters K /3, δ), dedoted by F~ (a, β, 8, q) (Q, is the reflection of F + (a 9 β, 3, q)(ζ) with respect to the radius at ζ. When convenient, we use the shorter notation P + (q)(ζ), P~(q)(Q and Γ(g)(ζ) without specifying whether it be right or left.
For a function f(z) defined in the open unit disc D, we define, in the usual manner, the cluster sets at ζ on the sets F + (a 9 β 9 3 9 q)(ζ) (or F~(a, β 9 8 9 q)(ζ)) and denote it by Cr+(a,β>δ,q) 
A point ζeΓ is said to be a q-angular Plessner point of f (z) provided that By an arc at ζ = e iθ eΓ we mean a continuous curve z = z{t), t 0 ^ t < 1, in D terminating at ζ, i.e., lim^^ί) = ζ. By an admissible q-arc X g (ζ) (0 ^ q) at ζ we mean an arc at ζ such that the limit exists. The part of an admissible g-arcX g (ζ) lying in {z; \z\ > δ} is denoted as X q (δ, ζ).
We denote the cluster set of f(z) at ζ relative to an admissible g-arcX g (ζ) (or a chord X(Q) by C Xq{ζ) {f, ζ) (or C x(ζ) (f, 0) We define
where the intersection is taken over all admissible q-arcs X q (ζ) (or all chords X(ζ)) at ζ.
We denote by Λ q (f, ζ) (or Λ(f, Q) the set of all values weW with the property that f(z) assumes the value w in every g-angle P(q)(ζ) (or every Stolz angle Δ(ζ)) at ζ arbitrarily close to ζ. We define a q-angular Picard point (or an angular Picard point) of /(z) to be a point ζ 6 Γ at which the set W -Λ q {f, ζ) (or W -Λ(f, ζ)) contains at most two values. We define a q-angular alternative point (or an alternative point [2] ) of f(z) to be a point ζe Γ at which Proof. Without loss of generality, we may assume that ζ = 1. In the following, we suppose that
and
In other cases, we can prove analogously.
To begin with, we will get some estimations which are needed in the subsequent proof.
For arbitrarily fixed numbers λ, p and δ satisfying 0 < λ, 0 < p < 7 -λ, 0 < δ < 1, we choose a point z 0 -re id in F + (Ύ -λ, 7 + λ, δ, g)(l). If we denote by t + (a 9 g)(l) the g-curve on which z Q lies, we obtain the inequality (1) 7-λ<α<7 + λ.
we proved
We choose r f 1^ψι {z^) (or ^2=^2 (^0) 
which are proved in [17] . Since we have h^Zo) = by assumption, we obtain
Here, if we eliminate r from each of systems of simultaneous equations
we have respectively
Thus, from (4) and (5), we have
And we have (1) we have
LT
hese are the required estimates. Now, we proceed to the proof of Lemma 1. First, we choose λ satisfying
-{(7 + λ)(/3 ~ N ext, for this λ, we choose p satisfying
For this p, we have
for every z 0 e F (7-λ, 7+λ, 3, q)(ΐ) , if <5 is sufficiently near 1. Further, for this λ and p, we choose δ sufficiently near 1 such that (9) holds and
Thus, for this λ, p and <? we obtain from (7) and (10), (11) (11) we have
we have from (1) and (6) U + 7 + x contains no point of P .
and, from (12) and (13) (15)
Thus, from ε n -* 0 (% ->• oo), we have by (8) and (15), This contradicts the assumption that the set P is not porous at C= 1. REMARK 2. In the proof of [9, Satz 1], Meier proved the analogous result of this theorem in the case q = 0 for a function f(z) meromorphic in the upper half plane But, since his proof is based on an "alternative point" of f(z) in stead of a "0-angular alternative point" of f(z), Remark 1 shows that Theorem 1 in the case q = 0 is sharper than Meier's. Furthermore, I think it is remarkable that, as the exceptional set, the set-theoretical notion "σ-porosity" is used in stead of "Lebesgue measure 0".
Proof. The fundamental ideas of the following proof go back to Meier [9, Satz 1] . We denote by E the set of points of Γ, which are neither g-angular Picard points of f(z) nor g-angular alternataive points of f(z). Then, for each point ζ e E, there exist three different values a\ 9 a\, a\ e W, an admissible g-arc X q (ζ) and three g-angles [Q)(Q> P*(Q)(Q> which satisfy a\ $ C Zq{ζ) (f, ζ) and f(z) Φ a\ for (t = 1, 2, 3) . We denote by F the set of points of E, at which the above three values a\ 9 a\ 9 a\ are finite.
In the following, we will prove that except on a <τ-porous set on Γ, every point of the set F is not a g-angular Plessner point of f{z). For the set E -F, we can prove the same conclusion without difficulty.
Let {Ci}? =1 be a sequence consisting of all complex numbers, which lie dense in the sphere W, with rational real parts and imaginary parts. Let {/9jΓ=i be a sequence of all rational numbers satisfying Then we have (see Meier [9, )
We define P*^, m 2 , m 3 , n lf n 2f n 3 , k) as the set of points of P{m u m 2 , m 3 , n x , w 2 , tι 3 , k) at which P(mi, m 2 , m 3 , ^x, w a , %, Λ) is not porous. Then, at every point of the set P(m lf m 2 , m 3 , n u n 2y n z , k) -P*(m l9 m 2 , m 3 , n l9 n 29 n 3 , k), the set P(m lf m 2 , m 3 , n l9 n 29 n 3j k) is porous, and the set P(m l9 m 2 , m 3 , ^, n 2 , ^3, k) -P*{m x , m 2 , m 3 , n 19 n 2 , n 3 , k) is porous, too. Therefore, the set P{m λ , m 2 , m 3 , ^, w 2 , n z , k) -P^(m ι , m 2 , m 3 ,^, w 2 , ^3, A: ) is a porous set on Γ.
We will show that every point of the set P*(m l9 m 2 , m 3 , w x , ^2, n s , k) is not a g-angular Plessner point of f(z).
In the following, we set P{m u m 2 , m 3 , n l9 n 2 , n s , k) = P and P*(m l9 m 2 , m 3 , n l9 n 2 , n 2 , k) = P*.
Let ζ 6 P*. For each ί, ί = 1, 2, 3, we set /3 = £»,, 7 -ft^( ζ) , 3' -1 -1/k and μ = 1/k in Lemma 1, then from Lemma 1, we can choose positive numbers λ ίy p t and ^ (0 < δ t < 1) such that for each z 0 , z Q e P(Pχ q (o -^>t, Px g (o + λί, δ t , g)(ζ), we can find a point ί t , f t = ξ t (z 0 ) e P satisfying
We set λ 4 = min (λ x , λ 2 , λ 3 ) , -o = min (jO^ |0 2 , ^> 3 ) and <? 4 = max (δ x , § 2 , δ 3 ) .
Then, for each 2; 0j ^0 e ^(^x^o -λ 4 , ρ Xq(ζ) + λ 4 , δ 4 , g)(ζ), we have evidently 
K-o-iK-l-(*=1,2,3).
By the exactly analogous procedure as in [9, p. 334- Now, in Lemma 2 we set a = p x (C) and we choose λ (0 < λ < λ 4 ) and
For each 2; 0 e X q (δ, ζ), we denote the distance from z 0 to t
) and we set Λ(2 0 ) = max Then we have from (4) and Lemma 2 \g+i , hence h(z Q ) < for each ^0 e X g (δ 6 , ζ). Thus for δ 7 (δ 7 > δ 6 ) sufficiently near 1, the gangle
Hence, from (3) we obtain
and this shows that , Q Therefore, ζ is not a g-angular Plessner point of f(z). Since ζ is an arbitrary point of P*, every point of the set P*(mi, m 2 , m 3 , ^, n 2 , ^3, k) is not a g-angular Plessner point of f(z).
Thus, except on the set
P{m u m 2 , m 3 , n,, n 2 , n z , k) -P*(m u m 2 , m 3 , n l9 n 2 , n 3 , k) , which is σ-porous on Γ 9 every point of the set P (m l9 m 2 , m 3 , n l9 n 2 , n 3 , k) is not a g-angular Plessner point of f(z).
Next, we will obtain a tangential analogue of Satz 1 of Meier [9] . We define
where the summation is taken over all g-angles V{q){ζ) with vertex at ζ. A point ζ e /"* is said to be a q-angular pre-Meier point of /(z) provided LEMMA 3. (See [17, Theorem 1] 
.) Let g^O and f(z) be meromorphic in D. Then except on a σ-porous set on Γ every point ζeΓ is either a q-angular pre-Meier point of f(z) or a q-angular Plessner point of f(z).
THEOREM 2. Let q ^ 0 and f(z) be meromorphic in D. Then except on a σ-porous set on Γ, every point ζ e Γ is a q-angular preMeier point of f(z) or a q-angular Picard point of f(z) or a q-angular alternative point of f(z).
Proof. From Lemma 3 and Theorem 1, we can easily prove this Theorem 2.
We will obtain a tangential analogue of Satz 2 of Meier [9] . A point ζ e Γ is said to be a q-angular Meier point of f(z) provided where C D (f, ζ) denotes the cluster set at ζ on D. The set of oricyclic Fatou points (or oricyclic Plessner points) of f(z) will be denoted by F?(f) (or I?(f) ). We denote, in the usual manner, the set of Fatou points (or Plessner points) of f(z) by F{f) (or /(/)).
For a meromorphic function f(z) in D y we denote by L(f) the set of points ζeΓ such that for each ζe L(f) the Riemannian image of every Stolz angle A{ζ) has infinite area.
We remarked in [14] that for a meromorphic function
and !(/) -L{f) are of measure 0, where the set S c denotes the complement of a set S with respect to Γ.
In the tangential case, we want to consider analogous problems. Since the difference of the sets I^f) and I*(f) is at most σp orous on Γ (therefore, of measure 0 on Γ) by [15, Theorem 2] , every point of Ii*(/), which is not an 1-angular Lindelof point of f(z), is a Lusin point of f(z) except on a set of measure 0 on Γ by Theorem 4. There exists a bounded holomorphic function f(z) in D such that the set L γ {f) -/* (/) and F?(f) -L\{f) are both of measure 2π (see [8, Corollary 1] , [11, Theorem 4] and [10, Theorem 1] The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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